7.2 Trigonometric Integrals

The purpose of this section is to develop techniques for evaluating integrals involving trigonometric
functions. We start with powers of sine and cosine.

Example: Evaluate:
j cos®(x)dx

Integrals involving odd powers of either sine or cosine are easily evaluated by splitting into a single factor
or sin(x) or cos(x) times the remaining even factor or sin(x) or cos(x) then using the fundamental
trigonometric identity of sin?(x) + cos?(x) = 1. (Note: cos>(x) = cos*(x) - cos(x))

fcos5(x)dx = fcos‘*(x)-cos(x)dx
= f(cosz(x))z - cos(x) dx

- f(1 — sin?x)? cos(x)dx

Now integrate with substitution: let u = sin(x) and du = cos(x)dx

2 3 5
=J(1—u2)2du = f(1—2u2+u4)du= u—%+%+€

Now remember to back substitute: u = sin(x)
: 2 . 5 1. .
= sin(x) — §sm (x) + Esm x+cC

With even powers of sine or cosine we use the half-angle identities from trigonometry.

sin(x) = 1’1—%“2@ or sin®(x) = l_%s(zx) cos(x) = ’H%S(Zx) or cos?(x) = —1+C°25(2")

Example: Evaluate:
j sin*(x)dx

jsin“(x)dx = j(sinz(x))zdx = f(l—%s(Zx))z dx

B J‘ (1 — 2 cos(2x) + cos?(2x)
B 4

)dx = %f(l — 2 cos(2x) + cos?(2x))

1+cos(2x) 14+cos(4x)

Now since cos?(x) = that makes cos?(2x) = so substitute this into the integral.

=%j (1 — 2 cos(2x) +1++S(4x)) dx

= %j (1 — 2cos(2x) + % + cos(4x)> dx

2



1

= Z,I- (% —2cos(2x) + %cos(4x)) dx

(Using substitution to integrate we get ... )

_1[3 _(2)+1_ 4 ]
=7|7% —sin(2x 851n( X)

. 1
= Ex — Zsm(Zx) + Esm(tlx)

So, if the power of sine or cosine is odd, try to write an integrand involving powers of sine or cosine in a
form where we have a single sine or cosine factor and the remainder of the expression is in terms of even
powers of sine or cosine. Then use the fundamental trig identity: sin?(x) + cos?(x) = 1. If sine or
cosine have even powers, use the %2 angle identities.

Strategy for Evaluation [ sin™(x) - cos™(x)dx

(a) If the power of cosine is odd (n = 2k+1), save one cosine factor and use cos?(x) = 1 - sin?(x) to
express the remaining factors in terms of sine:

J.Sinmx -cos™x dx = fsinmx(coszx)k - cos(x)dx
= f sin™x(1 — sin®x)* cos x dx
Then substitute u = sin(x).

(b) Ifthe power of sine is odd (m=2k+1), save one sine factor and use sin?(x) = 1 - cos?(x) to
Express the remaining factors in terms of cosine:

Jsinz""“x -cos™x dx = j(sinzx)k cosx - sinx dx

= f(l — cos?x)*cos™x - sinx dx
Then substitute u = cos (x)
[Note: If both powers of sine and cosine are odd, either (a) or (b) can be used.]
c) If the powers of sine and cosine are even, use the % - angle identities
If th fsi d cosi he V. gle identiti
1 1
sin?(x) = 2 (1 — cos(2x)) cos?(x) = 2 (1 + cos(2x))

It is sometimes helpful to use the identity below which is a form of the double angle identity for sine.
(sin(2x) = 2sin(x)cos(x))

sin(x) cos(x) = %sin(Zx)

Example: Evaluate the integral

f sin*(x)cos?(x)dx




When both powers are even use the % - angle identities.

fsin4(x)cosz(x)dx _ f <1 — cos(2x)>2 . <1 + cos(2x)>2 N

2 2
_ f <1 - cc;s(Zx)) _ (1 - c;s(Zx)) _ (1 + c;s(Zx)) dx
_ f 1 — cos(2x) — cos?(2x) + cos3(2x) i
8

= %j(l — cos(2x) — cos?(2x) + cos3(2x)) dx

Rewrite the 3rd term of the integrand using a %2 -angle identity. For the last term, which is an odd power
of cosine, use strategy (a). You can write each term as separate integrals or leave them as one integral.

= %J (1 —cos(2x) — 1+ cos(dn) C(;S(4x)) dx + %f cos?(2x) cos(2x)dx

1 + cos(4x)

5 )dx + %f(l — sin?(2x)) cos(2x)dx

= %J (1 — cos(2x) —

Simplify the first integrand (common denominator) and use u - substitution for the second integrand.
Letu =sin(2x) -~ du = 2cos(2x)dx = %du = cos(2x)dx

1] (2 -2 cos(2x)2— 1- cos(4x)> 4 %J‘(l ) -%du

8

= 11—6j(1 — 2 cos(2x) — cos(4x))dx + %f(l —u¥du

1 [ 2sin(2x) sin(4x) 1 u3
=E_x— > A Cl+Rlu—?+Cl
= % :x —sin(2x) — sing}x) + Cl + 11_6 sin(2x) — mrﬂ’# + Cl
_ %6 :x _ sinE;Lx) _ sin33(2x) L l
_ %x _ sin6(;1x) _ sinif(}Zx) .

Example: Evaluate:
fsin(x)3 - cos?(x)dx
fsin(x)3 cos2(x)dx = fsin(x) - sin?(x) - cos™%(x)dx
= f sin(x) (1 — cos?(x)) - cos~?(x)dx

(Let u = cos(x) then du = - sin(x)dx = - du = sin(x)dx)



=—J(1—u2)-u‘2du

= —j(u‘z—l)du = J(l—u‘z)du
1 1

=u+4+u" +C=u+a+C

= cos(x) +

+ C = cos(x) +sec(x)+C
cos(x)

To evaluate an integral such as [ sin®(x)dx using a method like the one used for [ sin*(x)dx is tedious.
For this reason reduction formulas have been developed. A reduction formula equates an integral
involving a power of a function with another integral in which the power is reduced. Below I have given a
list of frequently used reduction formulas for trig integrals.

Reduction Formulas for Integrals of Trigonometric Powers:

sin® 1(x) - cos(x) L 1

1.)Jsin"(x)dx = — jsin"‘z(x)dx

n
cos™1(x)-sin(x) n-1
2.)jcos"(x)dx = — (13 ( )+ fcos”‘z(x)dx
tan™ 1(x
3.)ftan”(x)dx= Tl()—Jtan"‘z(x)dx, n+1
sec" %(x)-tan(x) n-—2
4.)fsec"(x)dx = () () fsec"‘z(x)dx, n+1
n—1 n—1
Example: Evaluate using the reduction formulas:
J tan*(x)dx
tan3(x
ftan‘*(x)dx = 3( )—ftanz(x)dx

Use the 3rd reduction formula for tangent again. /

_ tan; (x) [tanl(x) M s (x)dx]
3
=tan?‘£—tan(x) +x+C

Note: You could also use tan?(x) = sec?(x) — 1 by rewriting tan*(x) = tan?(x) - tan?(x)
The odd powers of tan(x) and sec(x) eventually give [ tan(x) dx and [ sec(x) dx.

Theorem: Integrals of tan(x), cot(x), sec(x), and csc(x)

ftan(x)dx = —In|cos(x)| + C = In|sec(x)| + C



fsec(x)dx = In|sec(x) + tan(x)| + C
fcot(x)dx = In|sin(x)| + C

f csc(x)dx = —In|csc(x) + cot(x)| + C

Jtan(x) dx = J sin(x) d

cos(x) x

Integrate by u - substitution. Let u = cos(x) then du = - sin(x)dx
1
= —J—du= —In(uw) +C
u
= —In(cos(x)) + C

Proof of [ tan(x)dx

Using log properties ...
= In(cos(x)™) + C =In|sec(x)| +C

We now consider integrals of the form

j tan™(x) - sec™(x)dx

Strategy for integrating [ tan™(x) - sec™(x)dx

(a) If the power of secant is even (n = 2k, k > 2), save a factor of sec?(x) and use sec?(x) = 1 + tan?(x) to
express the remaining factors in terms of tan(x):

Jtanm(x) -sec?*(x)dx =Jtanm(x)(sec2(x)""‘lsecz(x)dx
= J. tan™(1 + tan? (x))k_1 sec?(x)dx

Then substitute u = tan(x).

(b) If the power of tangent is odd (m = 2k + 1), save a factor of sec(x)tan(x) and use tan?(x) = sec?(x) - 1
to express the remaining factors in terms of sec(x):

f tan?**1(x) - sec™(x)dx = j(tan2 (x)* - sec™ ! (x)tan(x)dx

= J(secz(x) — 1Dksec™ 1 (x) sec(x) tan(x) dx

Then substitute u = sec(x).

Example: Evaluate the integral
J tan3(x) - sec*(x)dx

You could either do strategy (a) or (b) from above. Let's use strategy (a) - even power of sec(x), save a
factor of sec?(x).

J tan3(x) - sec?(x) - sec?(x)dx




J tan3(x) - sec?(x)(tan?(x) + 1)dx

Letu = tan(x) and du = sec?(x)dx

30,2 5. .3 u® ut 1. 5 1.,
w*+ Ddu= | (W +u’)dx = ?+T+C = gtan (x)+Ztan x)+C
Example: Evaluate the integral
f tan?(x) sec(x) dx

Use strategy 3 - write tan?(x) in terms of sec?(x).

Jtam2 (x) sec(x) dx = j(secz(x) —1) - sec(x) dx
= f(sec3(x) — sec(x))dx

= fsec3(x)dx—fsec(x) dx

(Use reduction formula 4)

_ sec(x)-tan(x) 1

+ Ef sec(x) dx — f sec(x) dx

2
_ sec(x)étan(x) 3 %J‘ sec(x) dx

1

= 1sec(x) tan(x) — >

> In | sec(x) + tan(x)| + C

The techniques that were used to integrate problems in the form of [ tan™(x) - sec™(x)dx can be used
to integrate problems in the form of [ cot™(x) - csc™(x)dx.



